We study the gravitational radiation emitted by a massive point particle plunging from slightly below the innermost stable circular orbit into a Schwarzschild black hole. We consider both evenand odd-parity perturbations and describe them using the two gauge-invariant master functions of Cunningham, Price, and Moncrief. We obtain, for arbitrary directions of observation and, in particular, outside the orbital plane of the plunging particle, the regularized multipolar waveforms, i.e., the waveforms constructed by summing over of a large number of modes, and their unregularized counterparts constructed from the quasinormal-mode spectrum. They are in excellent agreement and our results permit us to especially emphasize the impact on the distortion of the waveforms of (i) the harmonics beyond the dominant ( = 2, m = ±2) modes and (ii) the direction of observation, and therefore the necessity to take them into account in the analysis of the last phase of binary black hole coalescence.
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I. INTRODUCTION
In this article, we shall obtain and analyze in terms of quasinormal modes (QNMs) the multipolar gravitational waveforms generated by a massive "point particle" plunging from slightly below the innermost stable circular orbit (ISCO) into a Schwarzschild black hole (BH). Here, it is important to note that, by multipolar waveforms, we intend waveforms constructed by superposition of a large number of modes. We shall assume an extreme mass ratio for the physical system considered, i.e., that the BH is much heavier than the particle, such a hypothesis permitting us to describe the emitted radiation in the framework of BH perturbations [1] [2] [3] [4] [5] [6] [7] . In the context of gravitational wave physics and with the first direct gravitational-detection of a binary black hole coalescence by LIGO [8] , the problem we study is of fundamental importance and there exists a large literature concerning it more or less directly (see, e.g., Refs. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] ). Indeed, the "plunge regime" from the ISCO is the last phase of the evolution of a stellar mass object orbiting near a supermassive BH or it can be also used to describe the latetime evolution of a binary BH and, moreover, the waveform generated during this regime encodes the final BH fingerprint. It should be recalled that, in this context, a multipolar description of the gravitational signal will be of fundamental interest with the enhancement of the sensitivity of laser-interferometric gravitational wave detectors (see, e.g., Refs. [28] [29] [30] and references therein). In our work, by taking into account a large number of higher harmonics, we shall show that the waveform is strongly distorted and that the distortion highly depends on the direction of observation. It should be noted that our work extends the study of Hadar and Kol [19] (see also the analysis of Hadar, Kol, Berti, and Cardoso in Ref. [20] ) but we will not limit ourselves solely to the quasinormal response observed in the orbital plane of the plunging particle. It also extends our recent work concerning the electromagnetic radiation emitted by a charged particle plunging from the ISCO into a Schwarzschild black hole [31] .
Our paper is organized as follows. In Sec. II, after a brief overview of gravitational perturbation theory in the Schwarzschild spacetime, we establish theoretically the expression of the waveforms emitted by a massive point particle plunging from the ISCO into the BH. More precisely, we consider both the even-and odd-parity gravitational perturbations for arbitrary ( , m) modes and describe them using the two gauge-invariant master functions of Cunningham, Price, and Moncrief [3] [4] [5] [6] [7] . We then solve, in the frequency domain and by using standard Green's function techniques, the Regge-Wheeler equation [1] governing the odd-perturbations as well as the Zerilli-Moncrief equation [2, 3] governing the evenperturbations. This is achieved after having constructed the sources for these two equations from the closed-form expression of the plunge trajectory. In Sec. III, we extract from the results of Sec. II the QNM counterpart of the waveforms corresponding to the gravitational ringing (or ringdown) of the BH. We gather all our numerical results and their analysis in Sec. IV where we display the regularized multipolar waveforms emitted [i.e., the waveforms constructed by summing over of a large number of ( , m) modes] and compare them with their unregularized counterparts constructed solely from the QNM spectrum. Both are obtained for arbitrary directions of observation and, in particular, outside the orbital plane of the plunging particle. It should be noted that, in the late phase of the signals, they are in excellent agreement. Moreover, our results especially emphasize the impact on the distortion of the waveforms of the harmonics beyond the dominant ( = 2, m = ±2) modes and of the direction of observation. In the Conclusion, we briefly summarize the main results obtained in this article and, in an Appendix, we carefully examine the regularization of the partial amplitudes from both the theoretical and numerical point of view. Indeed, the exact waveforms theoretically obtained in Sec. II are integrals over the radial Schwarzschild coordinate which are strongly divergent near the ISCO. For even as well as for odd perturbations, they can be numerically regularized by using the Levin's algorithm [32] but only after having reduced the degree of divergence of these integrals by a succession of integrations by parts, i.e., by extending the method we developed in our work concerning the charged particle plunging from the ISCO into a Schwarzschild black hole where we encountered a similar problem [31] Throughout this article, we adopt units such that G = c = 1 and we use the geometrical conventions of Ref. [33] .
II. GRAVITATIONAL WAVES GENERATED BY THE PLUNGING MASSIVE PARTICLE
In this section, we shall obtain theoretically the expression of the even-and odd-parity waveforms emitted by a massive point particle plunging from slightly below the ISCO into the BH. This will be achieved by working in the frequency domain and using the standard Green's function techniques. Moreover, we shall fix the notations and conventions used throughout the whole article.
A. The Schwarzschild BH and the plunging massive particle
We recall that the exterior of the Schwarzschild BH of mass M is defined by the metric
where f (r) = (1 − 2M/r) and dσ
denotes the metric on the unit 2-sphere S 2 and with the Schwarzschild coordinates (t, r, θ, ϕ) which satisfy
In the following, we shall also use the so-called tortoise coordinate r * ∈] − ∞, +∞[ defined in terms of the radial Schwarzschild coordinate r by dr/dr * = f (r) and given by r * (r) = r + 2M ln[r/(2M ) − 1]. We recall that the function r * = r * (r) provides a bijection from ]2M, +∞[ to ] − ∞, +∞[. We denote by t p (τ ), r p (τ ), θ p (τ ) and ϕ p (τ ) the coordinates of the timelike geodesic γ followed by the plunging particle (here τ is the proper time of the particle) and by m 0 its mass. Without loss of generality, we can consider that its trajectory lies in the BH equatorial plane, i.e., we assume that θ p (τ ) = π/2. The geodesic equations defining γ are given by [34] 
and
Here E and L are, respectively, the energy and angular momentum per unit mass of the particle which are two conserved quantities given on the ISCO, i.e., at r = r ISCO with
by
By substituting (4) into the geodesic equations (2a)-(2c), we obtain after integration
where t 0 and ϕ 0 are two arbitrary integration constants.
From (6), we can write the spatial trajectory of the plunging particle in the form
We have displayed this trajectory in Fig. 1 . . Here, we assume that the particle starts at r = rISCO(1 − ) with = 10 −3 and we take ϕ0 = 0. The red dashed line at r = 6M and the red dot-dashed line at r = 2M represent the ISCO and the horizon, respectively, while the black dashed line corresponds to the photon sphere at r = 3M .
B. Gravitational perturbations induced by the plunging particle
Gravitational waves emitted from the Schwarzschild BH excited by the plunging particle can be characterized by the field h µν which satisfies the wave equation
where T µν , which is the stress-energy tensor associated with the massive particle, is given by
In this last equation, t p (r) and ϕ p (r) are respectively given by (5) and (6) . The resolution of the problem defined by (8) and (9b) and, more generally, the topic of gravitational perturbations of BHs, have been the subject of lots of works since the pioneering articles by Regge and Wheeler [1] and Zerilli [2] . So, because gravitational perturbations of the Schwarzschild BH are very well described in the article by Martel and Poisson [6] as well as in the review by Nagar and Rezzolla [7] , we just briefly recall some of the results we need for our particular work. The gravitational signal emitted can be described in terms of the two gauge-invariant master functions of Cunningham, Price, and Moncrief [3] [4] [5] denoted by ψ 
and we have for the Regge-Wheeler potential
In Eqs. (11) and (12), we have introduced
We note that only the functions ψ (e/o) m (t, r) with = 2, 3, 4, . . . and m = − , − + 1, . . . , + are physically relevant for our study.
We recall that the functions S m (t, r) is given by Eq. (4) of the Erratum of Ref. [7] while S (o) m (t, r) is given by Eq. (24) of Ref. [7] ). After having checked these two results, we have used them to construct the sources corresponding to the stress-energy tensor (9b). By using the orthonormalization properties of the (scalar, vector and tensor) spherical harmonics [6, 7] , we have obtained
In the last equation, we have introduced the vector spherical harmonic
Furthermore, we note that the coefficients Y m (π/2, 0) and X m ϕ (π/2, 0) appearing respectively in Eqs. (14) and (15) are given by
Here, it is important to remark that Y m (π/2, 0) and hence the source (14) vanish for + m odd while X m ϕ (π/2, 0) and hence the source (15) vanish for + m even.
It is also important to recall that the partial amplitudes ψ (e/o) m (t, r) of Cunningham, Price and Moncrief permit us to obtain the gravitational wave amplitude observed at spatial infinity (i.e., for r → +∞). In the transverse traceless gauge [33] , the two circularly polarized components (h + , h × ) of the emitted gravitational wave are given by [7] h + = h
It should be noted that, due to Eqs. (17) and (18) In order to solve the Zerilli-Moncrief and ReggeWheeler equations (10), we shall work in the frequency domain by writing
Then, these two wave equations reduce to
where the new source terms, which are obtained from (14) and (15) , are given by
We have checked that our results (24) and (25) are in agreement with the corresponding results obtained by Hadar and Kol in Ref. [19] . It should be however noted that we do not use the same conventions for the definition of the sources, for the Fourier transform as well as the same normalization for the partial amplitudes ψ (e/o) m (t, r). Furthermore, it seems to us that our expression for the even-parity source is much simpler than theirs. It is also important to note that, due to the relation
we have
and therefore, as a direct consequence of (26a) and (26b), we can easily observe that
The Zerilli-Moncrief and Regge-Wheeler equations (23) can be solved by using the machinery of Green's functions (see Ref. [35] for generalities on this topic and, e.g., Ref. [36] for its use in the context of BH physics). We consider the Green's functions G (e/o) ω (r * , r * ) defined by
which can be written as
Here W (e/o) (ω) denote the Wronskians of the functions . These functions are linearly independent solutions of the homogeneous Zerilli-Moncrief and Regge-Wheeler equations
The functions φ in (e/o) ω are defined by their purely ingoing behavior at the event horizon r = 2M (i.e., for r * → −∞)
while, at spatial infinity r → +∞ (i.e., for r * → +∞), they have an asymptotic behavior of the form 
Here, it is worth noting some important properties of the coefficients A (±,e/o) (ω) and of the functions φ in (e/o) ω (r) that we will use extensively later. They are a direct consequence of Eqs. (30) and (31) and they are valid whether ω is real or complex. We have
It is important to also recall that the solutions of the homogeneous Zerilli-Moncrief and Regge-Wheeler equations (30) are related by the Chandrasekhar-Detweiler transformation [34, 37] [
and, as a consequence, the coefficients A (±,e/o) (ω) satisfy the relations
Using the Green's functions (29), we can show that the solutions of the Moncrief-Zerilli and Regge-Wheeler equations with source (23) are given by
For r → +∞, the solutions (37b) reduce to the asymptotic expressions
This result is a consequence of Eqs. (29), (32a) and (33) . We can now obtain the solutions of the Zerilli-Moncrief and Regge-Wheeler equations (10) by inserting (38) into (21) and we have, in the time domain, for the ( , m) waveforms
Here it is important to note that these partial waveforms satisfy
This is a direct consequence of the definition (21) and of the relation
which is easily obtained from (38) and (27) 
III. QUASINORMAL RINGINGS DUE TO THE PLUNGING MASSIVE PARTICLE
In this section, we shall construct the quasinormal ringings associated with the gravitational wave amplitudes (20) . Of course, they can be obtained by summing over the ringings associated with all the partial amplitudes ψ (e/o) m (t, r). In order to extract from these partial amplitudes the corresponding quasinormal ringings ψ QNM (e/o) mn (t, r), the contour of integration over ω in Eq. (39) may be deformed (see, e.g., Ref. [38] ). This deformation permits us to capture the zeros of the Wronskians (33) lying in the lower part of the complex ω plane and which are the complex frequencies ω n of the ( , n) QNMs. We note that, for a given , n = 1 corresponds to the fundamental QNM (i.e., the least damped one) while n = 2, 3, . . . to the overtones. We also recall that the spectrum of the quasinormal frequencies is symmetric with respect to the imaginary axis, i.e., that if ω n Table I . is a quasinormal frequency lying in the fourth quadrant, −ω * n is the symmetric quasinormal frequency lying in the third one. We then easily obtain
In the previous expression, C 
are the even and odd excitation factors associated with the ( , n) QNM of complex frequency ω n . The first term in the r.h.s. of Eq. (43) is the contribution of the quasinormal frequency ω n lying in the fourth quadrant of the ω plane while the second one is the contribution of −ω * n , i.e., its symmetric with respect to the imaginary axis. In front of the bracket in the r.h.s. of Eq. (44b), the coefficients B (e/o) n * are nothing else than the even and odd excitation factors associated with the ( , n) QNM of complex frequency −ω * n . They are obtained from (45) by using the properties (34b). A few remarks are in order:
(1) Thanks to Chandrasekhar and Detweiler, we know that the zeros of the Wronskians (33), i.e., the quasinormal frequencies ω n (and −ω * n ), do not depend on the parity sector. This is a consequence of the relation (36a).
(2) The excitation factors (45) depend on the parity sector because their expressions involve the coefficients A (+,e/o) (ω) which are parity dependent [see Eq. (36b)]. It is interesting to recall that this was not the case for the problem of the electromagnetic field generated by charged particle plunging into the Schwarzschild BH [31] . By combining (36) with the definition (45), we obtain
(3) The excitation coefficients (44a) and (44b) depend on the parity sector because they are constructed from the excitation factors as well as from wave equations with sources which are parity dependent [see Eq. (23)].
(4) In our problem, the spherical symmetry of the Schwarzschild BH is broken due to the asymmetric plunging trajectory. It is this dissymmetry which, in connection with the presence of the azimuthal number m, forbids us to gather the two terms in Eq. (43). (5) It is however important to note that the excitation coefficients (44) are related by
[this is due to the properties (34)] and hence that the quasinormal waveforms (42) satisfy
The quasinormal gravitational amplitudes obtained from (20) by replacing ψ (t, r) do not provide physically relevant results at "early times" due to their exponentially divergent behavior as t decreases. It is necessary to determine, from physical considerations (see below), the time beyond which these quasinormal waveforms can be used, i.e., the starting time t start of the BH ringing.
IV. MULTIPOLAR WAVEFORMS AND QUASINORMAL RINGDOWNS A. Numerical methods
In order to construct the gravitational wave amplitudes (20) , it is first necessary to obtain numerically the partial amplitudes ψ (e/o) m (t, r) given by (39) . For that purpose, using Mathematica [41] : (1) (35) and (36). (2) We have regularized the partial amplitudes ψ (e/o) ω m (r) given by (38) , i.e., the Fourier transform of the partial amplitudes ψ (e/o) m (t, r). Indeed, these amplitudes as integrals over the radial Schwarzschild coordinate are strongly divergent near the ISCO. This is due to the behavior of the sources (24) and (25) in the limit r → 6M . The regularization process is described in the Appendix. It consists in replacing the partial amplitudes (38) by their counterparts (A.11) and to evaluate the result by using Levin's algorithm [32] . of the gravitational signal by using the sums (20) . We have constructed the even components from the ( , m) modes with = 2, . . . , 10 and m = ± which constitute the main contributions. Similarly, we have constructed the odd components from the ( , m) modes with = 2, . . . , 10 and m = ±( − 1). In fact, it is not necessary to take higher values for because, in general, they do not really modify the numerical sums (20) (see also the discussion in Sec. IV B).
In order to construct the quasinormal ringings associated with the gravitational wave amplitudes (20) , it is necessary to obtain numerically the partial amplitudes ψ QNM (e/o) m (t, r) given by (42) and, as a consequence, we need the quasinormal frequencies ω n , the excitation factors B mn . The quasinormal frequencies ω n can be determined by using the method developed by Leaver [42] . We have implemented numerically this method by using the Hill determinant approach of Majumdar and Panchapakesan [43] . The excitation coefficients C 
of the gravitational wave observed at infinity in the direction (θ = π/3, ϕ = 0) (for even components) and (θ = π/6, ϕ = 0) (for odd components). We emphasize the impact of the harmonics beyond the dominant ( = 2, m = ±2) modes on the multipolar waveforms and their ringdowns (zoom in on the waveforms).
ing behavior at spatial infinity. Our numerical results are in agreement with the theoretical relations (36) and (46). The evaluation of the integrals in Eqs. (44a) and (44b) is rather elementary because we do not have to regularize them. It should be noted that, for a given , it is possible to consider only the fundamental QNM (n = 1) which is the least damped one. Moreover, we need only the excitation coefficients C Tables  I and II , we provide the various ingredients permitting us to construct the quasinormal ringings associated with the gravitational wave amplitudes (20) . It should be finally recalled that it is necessary to select a starting time t start for the ringings. By taking t start = t p (3M ), i.e., the moment the particle crosses the photon sphere, we have obtained physically relevant results.
B. Results and comments
In Figs. 2-8 , we have considered the components h (e/o) +/× of the gravitational waves observed at infinity. The multipolar waveforms have been obtained by assuming that the particle starts at r = r ISCO (1 − ) with = 10 −4 and, furthermore, in Eqs. (5) and (6), we have taken ϕ 0 = 0 and chosen t 0 /(2M ) in order to shift the interesting part of the signal in the window t/(2M ) ∈ [0, 245]. Without loss of generality, we have constructed only the signals for directions above the orbital plane of the plunging particle. Indeed, we could obtain those observed below that plane by using the symmetry properties of the vector spherical harmonics in the antipodal transformation on the unit 2-sphere S 2 . Moreover, we have assumed that the observer lies in the plane ϕ = 0. In fact, for any other value of ϕ, the behavior of the signals is very similar. The results corresponding to arbitrary values of θ and ϕ are available to the interested reader upon request.
In Figs. 2 and 3 , we have focused our attention on the construction of the multipolar waveforms by summing the expressions (20) over the harmonics beyond the dominant ( = 2, m = ±2) modes. Of course, the necessity to take higher harmonics into account clearly appears but we can also note that the sums truncated at = 5 already provide strong results.
The distortion of the multipolar waveforms and of the associated quasinormal ringdowns clearly appears in Figs. 4-7. It can be observed in the adiabatic phase corresponding to the quasicircular motion of the particle near the ISCO (see Fig. 1 ) as well as in the ringdown phase. It is due to the "large" number of ( , m) modes taken into account in the sums (20) and is strongly dependent on the direction of the observer.
The multipolar waveforms and the associated quasinormal ringdowns are in excellent agreement as can be seen in Figs. 4-7 or, more clearly, in Fig. 8 where we work with semi-log graphs. Here, it is important to recall (see Sec. IV A) that it has been necessary to regularize the former while the latter are unregularized.
V. CONCLUSION
In this article, we have described the gravitational radiation emitted by a massive "point particle" plunging + observed at infinity for various directions above the orbital plane of the plunging particle. We consider ϕ = 0 and we study the distortion of the multipolar waveform and of the associated quasinormal ringdown when θ varies between −π/2 and +π/2. We note that, for θ = 0, only the ( = 2, m = ±2) modes contribute to the signal. × observed at infinity for various directions above the orbital plane of the plunging particle. We consider ϕ = 0 and we study the distortion of the multipolar waveform and of the associated quasinormal ringdown when θ varies between −π/2 and +π/2. We note that h + observed at infinity for various directions above the orbital plane of the plunging particle. We consider ϕ = 0 and we study the distortion of the multipolar waveform and of the associated quasinormal ringdown when θ varies between −π/2 and +π/2. We note that, for θ = 0, only the ( = 3, m = ±2) modes contribute to the signal. × observed at infinity for various directions above the orbital plane of the plunging particle. We consider ϕ = 0 and we study the distortion of the multipolar waveform and of the associated quasinormal ringdown when θ varies between −π/2 and +π/2. We note that h from slightly below the ISCO into a Schwarzschild BH. In order to do this, we have constructed the associated multipolar waveforms and analyzed their late-stage ringdown phase in terms of QNMs. We have noted the excellent agreement between the "exact" waveforms we had to carefully regularize and the corresponding quasinormal waveforms which have not required a similar treatment.
Our results have been obtained for arbitrary directions of observation and, in particular, outside the orbital plane of the plunging particle. They have permitted us to emphasize more particularly the impact on the distortion of the waveforms of (i) the higher harmonics beyond the dominant ( = 2, m = ±2) modes and (ii) the direction of observation and, as a consequence, the necessity to take them into account in the analysis of the last phase of binary black hole coalescence.
Here, we fall on the result previously obtained in the context of the regularization of the partial amplitude ψ 
